We present an algebraic model for turbulent scalar-flux vector that stems from tensor representation theory.
further into the mainstream of engineering practice. On the other hand, algebraic approaches are based on assumptions that lead to constitutive equations between turbulent statistics and mean deformation. The simplest algebraic model is based on the gradient-diffusion hypothesis (GDH), which assumes that turbulent scalar-flux is aligned to the mean scalar gradient. Despite its implementational and computational elegance, this assumption is an important reason why this model fails to capture important flow features, such as turbulence anisotropy or the effects of mean and system rotation. As a result, Batchelor [2] proposed a generalization of GDH (GGDH) from which several algebraic closures have emerged. For example, Daly & Harlow [3] adopted scale functions to express the turbulent scalar-flux vector as a product between Reynolds stress and mean scalar-gradient, allowing the mis-alignment of the scalar-fluxes with the mean scalar deformation. However, this expression is found to perform poorly on predicting the correct magnitudes of scalar-flux components in the directions normal to the mean scalar gradient. Suga & Abe [4] improved the performance of the GGDH model by adding a non-linear term that contains quadratic products of the Reynolds stress tensor, which correctly captures the anisotropy levels of the scalar-flux components in the vicinity of wall boundaries. This addition resulted in the construction of Higher-Order GGDH models (HO-GGDH), which were successfully applied in a wide range of heated channel flows. Another interesting approach is to derive algebraic expressions directly from the exact transport equation of turbulent scalar-flux through equilibrium assumptions. A common choice is to apply the weak-equilibrium assumption (WEA) [5] , which states that the transient variations of turbulent anisotropies are negligible compared to the variation of turbulent scales. To some extent, these models are considered to be a good alternative to DTM, as they have been successfully applied in different flow configurations while requiring less computational capacity [6, 7, 8 ].
An alternative approach for estimating the turbulent scalar-fluxes was proposed by Younis et al. [9] .
Using as guidance the exact scalar-flux transport equation, Younis and coworkers expressed this quantity as a function of several tensor quantities. This approach is elegant, since it avoids the reduction of transport equations through the WEA with all the modelling uncertainties that entails. It also provides a general framework, from which different algebraic expressions can be obtained. They proposed a multi-linear closure that exhibited distinct improvements over other algebraic scalar-flux closures in benchmark two-dimensional free shear flows, while it was successfully used in flow configurations involving Coriolis and curvature effects [10, 11] . However, the linear nature of this specific closure is the main reason why it fails to capture the proper near-wall anisotropy levels of scalar-flux vector, thus revealing the importance of incorporating nonlinear information regarding turbulence anisotropy. Hence, in this study we propose an algebraic model that stems directly from the Younis formulation and involves products of the Reynolds stress tensor, a dependence missing from the multi-linear model. Special attention is given so that model complexity is kept minimal for ease implementation in existing industrial codes, while its performance ability is tested on several heated Couette and Poiseuille flows in stationary and rotating frames.
A description of the exact transport equations of the turbulent passive-scalar fluxes along with an ex-tensive summary of the Younis approach are given in Section 2 with the motivation behind the use of a non-linear term involving products of Reynolds stress given in Section 3. The proposed formulation is discussed in Section 4 and the performance of this closure is evaluated in Section 5, yielding good results.
Summary and conclusions are given in Section 6.
YOUNIS' FORMULATION
The motivation behind the work reported by Younis et al. [9] arose from the need to provide a better alternative to the existing gradient-transport closures for the turbulent scalar-fluxes. As starting point, they considered the exact transport equation of these fluxes in a frame rotating at a constant angular velocity
where the instantaneous flow variables are decomposed into a mean part, denoted by overbar, and a fluctuating part, denoted by prime symbol. Hereafter, we are using index notation whereby repeated indexes imply summation. The coefficient of fluid viscosity and the coefficient of scalar diffusivity are denoted by ν and γ respectively, ρ is the density of the fluid and u i , φ are the instantaneous fluid velocity and passive scalar fields respectively. The fluctuating pressure is denoted with p . The first and second terms on the RHS of equation (1) represent the generation of scalar-flux as a consequence of turbulence-mean deformation interactions. The third term arises when flow is subjected to system rotation around an arbitrary axis, while the fourth term refers to the fluctuating pressure-scalar correlations and is responsible for the redistribution of the flux among the different components. The fifth term refers to the rate at which the scalar-flux is destructed, while the last term is interpreted as the turbulent-transport term. Younis et al.
[9] used equation (1) as a guide to provide a rationally assumed relationship between the scalar-flux vector and various tensor quantities,
where R ij = u i u j is the Reynolds stress tensor, is the energy dissipation rate, φ is half the scalar dissipation rate and φ 2 is the scalar-variance. S ij , W ij , Ω f ij and Λ i denote the mean strain-rate tensor, the mean vorticity tensor, the frame-rotation rate tensor and the mean scalar gradient vector respectively, defined as
With the aid of tensor representation theory, Younis et al. constructed an explicit model for u i φ in accordance with equation (2) . Under this approach, u i φ can be expressed as a series of basis vectors Υ i ,
where α n can depend on all the tensor variables appearing in equation (2) . The basis vectors are formed from the products of the symmetric (S ij , R ij ), the skew-symmetric (W ij ) tensors and the vector (Λ i ), leading to the following algebraic expression
where for simplicity we neglected the presence of Coriolis effects in the above expression. To bring the above expression into a more compact form, Younis et al. [9] assumed sufficiently small anisotropies and turbulent time scales. Further assuming that the effects of S ij and W ij are in balance, results to the following multilinear expression:
where κ = R kk /2 is the turbulent kinetic energy, while the α i coefficients were replaced based on dimensional arguments. Coriolis effects are explicitly incorporated in the closure by adding the frame-rotation tensor Ω f ij into the mean velocity gradient tensor G ij = S ij + W ij , an approach also followed in previous studies [12] . The first term on the RHS of equation (6) represents the GDH, while the second term coincides with the production term that appears in equation (1) and is associated with the mean scalar deformation, also known as the Generalized Gradient Diffusion Hypothesis (GGDH) model proposed by Daly & Harlow [3] . The remaining two terms involve products between the gradients of mean scalar and mean velocity; a dependence proposed by the analyses of Dakos & Gibson [13] and Yoshizawa [14] . The values of C i coefficients were determined based on the LES results of Kaltenbach [15] for homogeneous flows subjected to a uniform shear with uniform scalar gradients
Regarding inhomogeneous flows, detailed analysis of the model performance in relation to data from a large number of studies on wall-bounded flows showed a serious error in the normal flux component [10] . As a result, the value of C 1 coefficient was modified in the near-wall region by applying the following damping function
where α = −0.02 and β = 1.9 are the values proposed by Younis et al. [1] , P r = ν/γ is the Prandtl number, Re t = κ 2 ν is the turbulence Reynolds number, while A is the stress-flatness parameter, defined as
where A 2 and A 3 are the second and third invariants of the normalized Reynolds-stress anisotropic tensor A ij . More details regarding the mathematical formulation can be found in Younis et al. [10] .
As already mentioned in the introduction, the linear form of Younis closure is an important reason why this closure exhibits certain limitations. For example, it fails to capture the near-wall anisotropy levels of the scalar-flux vector. In the following section we discuss the importance of incorporating a term that contains non-linear information regarding the turbulent anisotropy, vital to predict the proper near-wall behaviour.
QUADRATIC DEPENDENCE ON REYNOLDS STRESS
It is well known that models involving only the second term of equation (6) cannot predict the streamwise heat-flux component reasonably well [16] . In an attempt to extend their applicability, Abe & Suga [17] performed a series of LES simulations for fully-developed turbulent channel flows under different boundary conditions and for a wide range of Prandtl numbers. They relied on the findings of Kim & Moin [18] , who pointed out that scalar fluctuations are correlated more strongly with streamwise than transverse velocity fluctuations in the near-wall region, to propose an algebraic relation between the turbulent scalar-flux vector and quadratic products of Reynolds stress tensor
where τ is a turbulent time scale and C φ is a model coefficient. In wall-bounded channel flows where statistical quantities are functions only of the wall-distance, the above expression approaches the following near-wall limit
where subscripts 1, 2 and 3 are respectively the streamwise, wall-normal and spanwise directions. Abe & Suga [17] also observed that the correlation between φ and u 2 relatively increases with the decrease of P r, reaching almost the same level as that between φ and u 1 for P r = 0.025. As a result, they recommended that an effective algebraic scalar-flux model should depend both on linear and quadratic forms of Reynolds stress, written as
where C φ,1 and C φ,2 are model coefficients. These coefficients should be determined so that the non-linear term in equation (12) becomes dominant in regions of high deformation rates, while the linear term becomes significant in the presence of weak strain rates, as well as in low Prandtl numbers. Hence, the present study aims to propose an algebraic model based on Younis general form (5) that involves the non-linear term, and validate its performance in different heated channel flows.
PROPOSED FORMULATION
In this section we introduce the proposed model, which is essentially a combination between the multilinear model of Younis (6) and the functional form proposed by Abe & Suga (12) , thus incorporating non-linear information regarding turbulence anisotropy. Special attention is given to keep the model as simple as possible so that it can be easily implemented in existing industrial codes. This is achieved by investigating the contribution of each term appearing in the above equations in an attempt to propose a minimal combination of these terms that is able to provide reasonable predictions. We neglect the C 1related term, since this term is known to provide erroneous predictions for the streamwise flux component.
In addition, this choice can be partially justified if we assume that information regarding this term is already included in the isotropic part of the second term of equation (6) . We have also excluded the term associated with C 4 for the following reasons: Firstly, this term cannot induce the proper near-wall anisotropy levels of the scalar-flux vector, as given in equation (11) . Secondly, this term involves products between the mean velocity gradients and the Reynolds stress, thus being more complex than the C 3 -related term, which also contains gradients of the mean velocity field. Thirdly, its absence simplifies the process of including wall-damping corrections through the use of simple exponential functions, as will be shown in this Section.
Consequently, the proposed closure takes the following compact form in a rotating frame of reference:
where we keep the same indexing for the model coefficients as in equation (6). Alternatively, the above equation essentially differs from equation (12) in involving the C 3 -related term, which accounts for the products between mean scalar and mean velocity gradients. Model coefficients are determined through a two-step process. As a starting point, model constants (C 2 , C 3 , C 5 ) are determined through a linear regression fitting using data derived from the LES non-buoyant results of Kaltenbach [15] C 2 = −0.0848 , C 3 = 0.00496 ,
who considered homogeneous shear flows under different orientations of the mean scalar gradient. The complete dataset used to determine model coefficients is given in the Appendix. Next, we seek to modify the above coefficients to account for inhomogeneous effects, particularly in the vicinity of wall-boundaries. As a result, we considered a fully-developed channel flow at friction Reynolds number Re τ = uτ δ ν = 150, where u τ is the friction velocity and δ is the half-channel height. The flow is driven by a mean pressure gradient, with uniform heat flux applied at both walls. The Prandtl number is set equal to 0.71, whereas the presented data is expressed in wall-units. Figure 1 shows model predictions for heat fluxes, obtained by using DNS results of Tomita et al. [19] in a stationary frame. For this case, only a streamwise component of the mean velocity field exists that varies along the normal component x 2 . We observe that the proposed model overestimates the streamwise component, especially the near-wall peak magnitude, while reasonable predictions are provided for the normal component. For simplicity, we focus on improving only the streamwise component. A simple way to do that is by modifying C 3 , since the term associated with this coefficient does not contribute to the normal component, as indicated in equation (13) . Hence, we apply the following damping function to this coefficient to reduce its value close to the wall boundary, For y + < 15, the uncorrected C 3 -related term plays a dominant role, with its maximum occurring at about y + = 10, a location at which mean strain rate is also maximized (not shown here). The C 5 -related term contributes the most for y + > 15, while the impact of C 2 -related term becomes non-trivial in regions far away from the wall that are characterized by weak deformations. Applying the damping function on C 3 coefficient yields a reduction of the associated term, which remains important in the high-shear region, while resulting in the quadratic term being dominant in the entire region outside the viscous sublayer (y + > 5).
Contrary, the C 3 -related term does not contribute to the normal component, which is prevailed by the nonlinear term for y + > 15. Consequently, the near-wall behaviour of the model is driven by two mechanisms:
one that involves products between mean velocity and scalar gradients, and a mechanism arising from the turbulence-turbulence interactions. Combining these two terms yields an alternative form for the proposed model
The above equation suggests that the non-linear interactions provide a gradient, in addition to the actual mean gradient, thus yielding an effective gradient G e
This idea, called the "effective-gradients" hypothesis, has been originally proposed by Kassinos & Reynolds [20] to construct a Reynolds-stress transport closure, and has been recently extended by Panagiotou & Kassinos [21, 22, 23] for passive scalar transport. Thus, equation (16) can be thought as an extension of Abe & Suga proposal (10), since it contains a linear term that becomes important in regions of weak deformation rate, while replacing the quadratic term by a term involving the effective mean gradient that dominates the region of high and moderate deformations rates.
MODEL ASSESSMENT
In this section we investigate the estimation ability of the proposed closure for heated channel flows under different boundary conditions and Reynolds numbers, in both stationary and rotating frames. For all cases considered, the Prandtl number equals to 0.71 and the flow variables are expressed in wall-units. In order to reduce uncertainties associated with the numerical solution of model equations, we import results from DNS into the proposed algebraic expression for the scalar-fluxes. To facilitate the discussion during the validation procedure, we have performed additional computations to account for the performance of Younis' model (6) . For all cases considered, the mean flow varies only along the wall-normal direction x 2 . Under these conditions, and for a frame subjected to rotation around an arbitrary axis, the total mean gradient G T ij and the expressions for the flux components according to equation (13) become
respectively. The flow geometry and coordinate system are shown in figure 2. 2 , , , 
Heated Poiseuille flows
Here, we consider the case of a heated channel flow under fully-developed conditions at two different Reynolds numbers, particularly Re τ = 395 and 640. The non-slip boundary condition is adopted in the wall-normal direction (i.e. at the top and bottom walls) while the thermal boundary condition is uniform heat-flux on both walls. The quality of the predictions is compared with the corresponding DNS results [17, 25] . Figure 5 compares the turbulent scalar-fluxes as obtained from the present model and the Younis model for both cases. We observe that both models provide similar predictions for the streamwise component, achieving good agreement with the DNS data in both the inner and outer region of the channel. For the high Re case though, both models tend to overpredict the magnitude of the peak value, thus showing a mild Reynolds dependence. Looking into the balance between the terms appearing in equation (18a) (not shown here) revealed that this tendency is mainly attributed to the C 3 -related term, since this term exhibits the highest sensitivity to the Reynolds number. Contrary to algebraic closures, DNS predict non-zero values for the streamwise component at the channel centerline. This happens because the turbulent scalar field is being transported by the mean flow or the turbulence. These transport processes constitute a non-local mechanism that cannot be captured by a rational algebraic closure [9] . For the low Re case, the proposed model achieves a considerably better agreement than Younis' model regarding the normal flux, being able to quickly adjust to the slope's sign change that occurs in the inner region. As expected, both models tend to overestimate the magnitude of the flux for Re τ = 640, with the proposed model still being able to produce satisfactory results. Next, we further investigate the near-wall performance of the proposed closure. A useful parameter for that purpose is the scalar-flux ratio R u φ , defined in equation (11) . Figure 6 shows a comparison of the scalar-flux ratio predictions of both models (proposed and Younis) with the corresponding DNS data, for which this ratio varies as R 12 /R 11 in the near-wall region under high shear strain, as already mentioned in Section 3. The proposed model achieves better agreement with the DNS results, being able to capture the near-wall limit up to y + = 20. This is attributed to the dominant role that C 5 -related term plays in the buffer layer for both flux-components, as already shown in figure 1 , which exhibits the proper near-wall physical behaviour (see discussion in Section 3). In contrast, Younis' model fails to capture this limiting behaviour for y + > 10, since no term appearing in its model equation (6) captures the correct turbulent anisotropy. 
Heated channel flow subjected to streamwise rotation
The first considered case involving Coriolis effects is that of a flow in a plane channel that rotates about its streamwise axis. This scenario is more complex than the stationary one, since it induces a non- The second case study considered is by El-Samni & Kasagi [27] for Re τ * = 163 in the presence of a much stronger rotation rate, corresponding to Ro τ = 15, whereas the thermal boundary conditions are the same as in the low-Ro τ case. Figure 8 shows profiles of the scalar-flux components, showing large discrepancies between DNS and models. Both models significantly overpredict the maximum value of the streamwise component. Regarding the proposed closure, this is partly associated with the presence of nontrivial contribution from the product R 12 R 23 that appears in the C 5 -related term of the model equation (18a). As a result, the value of this term is greatly increased compared to the stationary case. Significant increase (compared to the non-rotating case) also occurs for C 3 -related term, suggesting that modifications to the associated model coefficient might be required so that the model attains the proper anisotropy levels.
In accordance with the previous case study, the proposed model predicts smaller values for the normal component than Younis' formulation, achieving better agreement with the DNS in the near wall region as well as close to channel's centerline. 
Heated channel flow subjected to spanwise rotation
Next, we consider the presence of Coriolis forces emerging from the spanwise rotation. For this configuration, existing studies [28, 29] have shown that at moderate Ro numbers, turbulence and especially the wall-normal fluctuations are augmented on the channel side where the system rotation is anti-cyclonic (called the unstable side), while they are damped on the channel side where the rotation is cyclonic (called the stable side). The scalar is kept at constant but different values at each wall, in accordance with the previous rotating cases. Model predictions are compared with the DNS results of Wu & Kasagi [26] for
Re τ * = 295.5 and Ro τ = 2.5. Figure 10a shows that both models severely overestimate the level of the peak magnitude in the near-wall region. Focusing on the present model, the strength of the individual terms that contribute to this quantity (18a) is shown in figure 10b . We observe the failure of the model in the near-wall region mainly because the C 3 -related term becomes extremely high in the high-strain rate 
where greek index α denotes the direction of the mean scalar gradient. 
